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A:w B:w T S
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)

such that , is a monoid with unit ¢ : €.
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Theories

A recursive sorting procedure extends basic terms such that the set
of internal terms is unchanged. Let us fix a recursive sorting
procedure.
Definition
A layered theory (L, E°, E*, 7, E?) consists of:
> a layered signature L,
» a set of 0-equations E°,
> a set of 1-equations E! with respect to E°,
» a choice of 2-cells n with respect to EO,
>

a set of 2-equations E2 with respect to E! and 7.
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Structural equations

The

The

structural O-equations S° are given by:

(AB)C : w=A(BC) : w,
f(AB) : 17 = f(A)f(B) : T,

structural I-equations S' are given by:
the structural identities of monoidal theories, both internally and

externally,

Lof

= —— (AB:w|AB:w),

T P =

cAtw=A1w=Ac:w,

fle):T=¢e:T.
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Additional terms

Symmetry terms: (swap)

Opfibrational terms:

A:w feFlor) »

(ext-gen) weQ

bl —————— (monoid-unit)
E:(A:aﬂf(A):r) C:(E:g|s:w) — (Arw|ee)

A:w B:w Aw

(monoid)
C (Ao | A0, A o)

(diag-counit)

(diag)

y

L (Arw,B:w | AB: o)

W
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Additional terms

Fibrational terms:
Ao f e Flwr)

o (ext-gen-op) weQ (counit) Ao (codiag-unit)
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:(AB:w |A:w,B:w) (At Ao A )

v

!
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Additional terms
Fibrational terms:
A:w feFlor)
>r

EI; (fA):Tt]|A:w)

tw B:w

(ext-gen-op)

weQ (counit) Ao (codiag-unit)
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!
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Additional terms

Fibrational terms:

A: 5
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A.

(w0 B:o (comonoid) Aiw

>
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Additional equations

» For symmetry terms: symmetry and naturality.
» For opfibrational terms (opfibrational theory):

» the equations of uniform comonoids for the terms (diag) and
(diag-counit),
» the equations on the next slide.

» For fibrational terms (fibrational theory): all the equations
for opfibrational terms, reversed.
» For all the terms we've seen (deflational theory):

» The opfibrational and fibrational theories for respective terms,

» The equations expressing the structural 2-cells as unit-counit
pairs, with sections for counits

» Compatibility of 2-cells with sliding.
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Semantics

theory semantics

monoidal theory (strict) monoidal category

opfibrational theory | split opfibration with indexed monoids

fibrational theory | split fibration with indexed comonoids

deflational theory split monoidal deflation
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Functor coboxes

A cobox is a term generated by the following rule:

fe F(w,T) ABC,D:w —— (F(A): 7| F(B):7)

(cobox)

Note: NOT an internal term! However...
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Functor coboxes

Proposition

In a deflational theory, there are bidirectional 2-cells (3) if and only if for all
terms x and y with the sort (A :w | B : w), the existence of 2-cells on the
right of (4) implies the existence of 2-cells on the left of (4):

H-— ® m 2 s TeDE @
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Functor coboxes

Proposition

In a deflational theory, there are bidirectional 2-cells (3) if and only if for all
terms x and y with the sort (A :w | B : w), the existence of 2-cells on the
right of (4) implies the existence of 2-cells on the left of (4):

Ho— 0 o - e e

Moreover, if (3) is an equality, then the implication (4) holds also when the
bidirectional 2-cells on both sides are replaced with equalities.

16/31



Functor coboxes

Proof.
Suppose the 2-cells (3) exist, and let x and y be terms such that fx & fy.

Then:

S

The same argument shows the case with equalities.
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Functor coboxes

Proof.
Suppose the 2-cells (3) exist, and let x and y be terms such that fx & fy.

Then:

- 0e - @ -3 -Oesm

The same argument shows the case with equalities.
Conversely, suppose that the implication (4) holds. We use the following to

obtain the required 2-cells: : ; o ik ]

L
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Define the layered signature (N4, F,X,) as follows:
» for each n € N, the set F(n, 1) has exactly one element,

» for n # 1, the monoidal signature ¥, has a single colour n,
and the monoidal generators:

n n n
. n o, ) n.,n *y, N ( 7n:D_”7
n n
n n
n n n—Do—n

» for n = 1, the monoidal signature X1 is as above, except that

we replace the adder with 1:.: 1 )

This signature is called simple arithmetic circuits.
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Digital circuits: Theory

feFan: f(y=1

FEFm+11): fln+1)=f(n)1
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Digital circuits: A simple arithmetic logic unit
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Electrical circuits: Signature

Define the layered signature with the following shape:
Bip —— ECirc
B| lz
Imp —— GAAR(X)
GAAg(, is graphical affine algebra:

— e e e e e

The generators in Imp are given by all the terms in GAA with sort (1,1).
The generators in Bip are given by the bipoles (5). The generators in ECirc
are given by the bipoles (5) and (6).

B R [0 SIS OR B il
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> in GAA, the equations of the graphical affine algebra hold: they
axiomatise affine relations,
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in GAA, the equations of the graphical affine algebra hold: they
axiomatise affine relations,

in Imp, the equations of GAA hold inside the generators, together with

:—@—— —_— = —e o— ,

on the colours, the functors Z : ECirc — GAA and W : Imp — GAA
are defined by e — ee, so that the resulting map on objects is n — 2n,

the functor B : Bip — Imp is identity on colours,
the functor Bip — ECirc is the embedding,
the functor W : Imp — GAA is defined by the equation

= = ’

the functors Z : ECirc — GAA and B : Bip — Imp are defined on the
next slide.
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Let C be a generator of Imp. Define the impedance box as:
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Electrical circuits: Impedance box

This can be used e.g. to derive the rule for composing two resistors
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This can be used e.g. to derive the rule for composing two resistors

R1+ R2
in ECirc: 4\/\/\,_/\/\/\,_ % (Proposition 3 of
Boisseau & Sobocinski):

5]

R1 R2 R1 R2
AMNAM— E e A AMNAM— = —f
R1+ R2 R1+ R2

= R — = —e o AMN— = AN
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Chemical reactions: Signature

Define the layered signature with the shape Name —— Disc +— Scheme :

P there are no generators in Name, and the colours are
{glucose, ATP, glucose-6-phosphate, ADP, hydrogen ion}

» the colours of Disc and Scheme are the chemical graphs,

> the generators of Scheme are given by the family

lH 707 707
\ \ I+ \

20 Sa—4p—30- Sa—20—1P—30" ,
\ [ 6~ [

3a 50 ¢ 50

» the structural generators of Disc are the symmetry and:

o« o oo ;‘ e u(AB) u(AB)—« g A—e—r(A)

P the remaining generators in Disc are given by the disconnection rules

a-{a}an) A a4
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Chemical reactions: Disconnection rules

X e At\ {a}
n<0 ay
EY /
uyn —,3[7> uxn+1
ba’

Electron detachment (negative charge)

X, Y € At\ {a}
n¢ {0,i} o
ux ux
Gy
n —ar n—1
VY VY
\ba

Covalent bond breaking

X e At)\ {a}
n>0
uxn Euv an+1
Ve

Electron detachment (nonnegative charge)

n#0
UX" an
i /uv

_—

VYLH van

lonic bond breaking
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P the structural generators are isomorphisms in Disc,
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Chemical reactions: Theory

P the structural generators are isomorphisms in Disc,

» the functor Scheme — Disc is given by:

—{poemi]— = [ { g }Hem (e a)

» the functor Name — Disc is defined below:

HO,

glucose — o
HO OH
OH
o
|
0=P=0
|
0
0,
glucose-6-phosphate  — on
HO OH
OH
hydrogen ion — H

0 0 0 N
1 1 1 Vi N
-P—0—P—0—P—0 /I
1 1 1 NN F
0 o o o
OH OH
NH,
0 N
il il Y N
0-=-P—0—P—0 < /I
1 | o NS

OH OH
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Chemical reactions: Reaction

The reaction below is now derivable as a term in the layered theory
(but not in any of the constituting monoidal theories):
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Chemical reactions: Reaction

The reaction below is now derivable as a term in the layered theory
(but not in any of the constituting monoidal theories):

glucose + ATP — glucose-6-phosphate + ADP + hydrogen ion.

o-
o- \
‘ [ —CH,—0—P—0"
[ —CH,—OH +—CH—a a—0—P—0"
Il
a—O0—H 0

glucose ‘\o cy —-glucose-6-phosphate
P ) m—.\ —e——hydrogen ion
ATP ) '/\ o
e ﬂ**ADP

[l
O*fP—o—P—o—Ff—o—CHz—@ O’*P*O*IT*O*CHz—t:I
o o o o o 29/31
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Thank you for your attention!
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