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What is the purpose?
Wish to have a syntactic presentation for (strict) monoidal
functors – akin to monoidal theories:

•

•••
•

••
•• •

ω τ
f

.

A typical term looks like:

x

◀f

y = x
f

◀f

y .

Add the functor boundaries in the opposite direction to allow for
partial translations:

◀f ▷f

x .
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Functor coboxes
Bidirectional functor boundaries allow defining the functor cobox:

◀f ▷f

=x
f

x

This recovers e.g. the impedance box used as syntactic sugar in
String Diagrammatic Electrical Circuit Theory:

CC :=

W

I

.
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Layered signatures

Definition
A layered signature is a tuple (Ω,F ,Mω), where

▶ Ω is a set,

▶ F : Ω× Ω → Set is a function,

▶ Mω = (Cω,Σω) is a monoidal signature for each ω ∈ Ω.

That is,

▶ Cω is a set of colours,

▶ Σω : C ∗
ω × C ∗

ω → Set is a function giving the monoidal
generators.
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Digital circuits: Signature

Define the layered signature (N+,F ,Σn) as follows:

▶ for each n ∈ N+, the set F(n, 1) has exactly one element,

▶ for n ̸= 1, the monoidal signature Σn has a single colour n,
and the monoidal generators:

n , n
n

n
, n , n

n

n
, n

n

n
,

n
n

n
, n

n
+ n , nn ,

▶ for n = 1, the monoidal signature Σ1 is as above, except that
we replace the adder with +1 1

1 1
.

This signature is called simple arithmetic circuits.

6 / 11



Digital circuits: Signature

Define the layered signature (N+,F ,Σn) as follows:

▶ for each n ∈ N+, the set F(n, 1) has exactly one element,

▶ for n ̸= 1, the monoidal signature Σn has a single colour n,
and the monoidal generators:

n , n
n

n
, n , n

n

n
, n

n

n
,

n
n

n
, n

n
+ n , nn ,

▶ for n = 1, the monoidal signature Σ1 is as above, except that
we replace the adder with +1 1

1 1
.

This signature is called simple arithmetic circuits.

6 / 11



Digital circuits: Signature

Define the layered signature (N+,F ,Σn) as follows:

▶ for each n ∈ N+, the set F(n, 1) has exactly one element,

▶ for n ̸= 1, the monoidal signature Σn has a single colour n,
and the monoidal generators:

n , n
n

n
, n , n

n

n
, n

n

n
,

n
n

n
, n

n
+ n , nn ,

▶ for n = 1, the monoidal signature Σ1 is as above, except that
we replace the adder with +1 1

1 1
.

This signature is called simple arithmetic circuits.

6 / 11



Digital circuits: Signature

Define the layered signature (N+,F ,Σn) as follows:

▶ for each n ∈ N+, the set F(n, 1) has exactly one element,

▶ for n ̸= 1, the monoidal signature Σn has a single colour n,
and the monoidal generators:

n , n
n

n
, n , n

n

n
, n

n

n
,

n
n

n
, n

n
+ n , nn ,

▶ for n = 1, the monoidal signature Σ1 is as above, except that
we replace the adder with +1 1

1 1
.

This signature is called simple arithmetic circuits.

6 / 11



Digital circuits: Signature

Define the layered signature (N+,F ,Σn) as follows:

▶ for each n ∈ N+, the set F(n, 1) has exactly one element,

▶ for n ̸= 1, the monoidal signature Σn has a single colour n,
and the monoidal generators:

n , n
n

n
, n , n

n

n
, n

n

n
,

n
n

n
, n

n
+ n , nn ,

▶ for n = 1, the monoidal signature Σ1 is as above, except that
we replace the adder with +1 1

1 1
.

This signature is called simple arithmetic circuits.

6 / 11



Digital circuits: Signature

Define the layered signature (N+,F ,Σn) as follows:

▶ for each n ∈ N+, the set F(n, 1) has exactly one element,

▶ for n ̸= 1, the monoidal signature Σn has a single colour n,
and the monoidal generators:

n , n
n

n
, n , n

n

n
, n

n

n
,

n
n

n
, n

n
+ n , nn ,

▶ for n = 1, the monoidal signature Σ1 is as above, except that
we replace the adder with +1 1

1 1
.

This signature is called simple arithmetic circuits.

6 / 11



Digital circuits: Theory

7 / 11



Digital circuits: A simple arithmetic logic unit

▷

+

1 4

▷

1

+

4

=
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Semantics

theory semantics (roughly)

monoidal theory monoidal category

“forward” boundaries monoid in the category of opfibrations

“backward” boundaries comonoid in the category of fibrations

bidirectional boundaries collage of certain diagram of profunctros
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▶ Holey string diagrams:
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Quantum Combs.
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