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A hyp is discrete if E is the diagonal relation.
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From hypergraphs to first-order logic
Assign a FOL formula to hyp H = (V,U,E,H,s,t,L):

pe= N\ u=v. o=\ L(h) (s(h), £(h).

(u,v)EE heH
oy =Hv:ve V\UloeApn.

(1) 3v,w.(v=u) Ab(vu, w)

(2) da,b(a=u)A(a=vVv)A(a=b)A(b=w)A(b=x)

(3) Ja,b,c,d.(a= u)A(b=v)AR(a,c)AR(a,d)AR(b, c)AR(b, d)
Note: FV(py) = U.
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» An assignment from a hyp H to a discrete hyp H' is a
function 0 : U — V.

» The assignment satisfies the hyp (0 = #H) if there is a
morphism of hyps f : H — H' such that f|y = .

Proposition
0 EH if an only if H' is a model of py.

5/11



Models of regular logic

More is true (Bonchi, Seeber and Sobocinski, 2018):

6/11



Models of regular logic

More is true (Bonchi, Seeber and Sobocinski, 2018):

» cospans of hypergraphs give the free cartesian bicategory over
2,

6/11



Models of regular logic

More is true (Bonchi, Seeber and Sobocinski, 2018):

» cospans of hypergraphs give the free cartesian bicategory over
2,

» morphisms between the hypergraphs (2-cells) correspond to
entailment between formulas: there is a morphism H — H' if
and only if oy = vy,

6/11



Models of regular logic

More is true (Bonchi, Seeber and Sobocinski, 2018):

» cospans of hypergraphs give the free cartesian bicategory over
2,

» morphisms between the hypergraphs (2-cells) correspond to
entailment between formulas: there is a morphism H — H' if
and only if oy = vy,

» completeness with respect to relational composition, and
hence with respect to the regular fragment of FOL (3, A, T),
follows.

6/11



Models of regular logic

More is true (Bonchi, Seeber and Sobocinski, 2018):

» cospans of hypergraphs give the free cartesian bicategory over
2,

» morphisms between the hypergraphs (2-cells) correspond to
entailment between formulas: there is a morphism H — H' if
and only if oy = vy,

» completeness with respect to relational composition, and
hence with respect to the regular fragment of FOL (3, A, T),
follows.

This work: extend this to full first-order logic.
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Branching hypergraphs

» The set of branches is given by {—1} UN*; it is partially
ordered by —1 <  and by extension.

> A treeis a finite set of branches that contains € and is
downwards closed.
» A branching hypergraph (byp) is a tree T and for each branch

v € T ahyp

B(v) = (V(7), U(7), E(), H(7), s(7), t(7), L(7)) such that
> U(-1) = V(-1),
> E(-1) = H(-1) = 2,
> if v <4, then V(v) C V(9),
» U(yn) = V(y) and U(e) = V(-1).
» For v € T NN*, the restriction byp B|, is defined by making
the parent of « the root (—1) and  the empty branch (¢).
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Consider the byp (represented as a flattened byp, or fyp):

oo \ ) Ay @ qa11 1211 ‘r -
XY@ a) b8y
|

1
1 1
| |
1 L AD A @ (1212 1212) | 1
L Zod n LW
| | o _

The FOL formula obtained is:
—3i,j.— (a(x, i) A e(z,/)) A== (=b(i,y) A =d(j,w)),

=Vi,j.(a(x,i) AN c(z,j)) VvV b(i,y) VvV d(, w).
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» An assignment from a byp B to a discrete hyp H is a function
0:B(-1) — V.

» The assignment satisfies the byp (6 F B) if there is a
morphism of hyps 6. : B(g) — H such that 6. o = 6 and for
all n € TNN, we have 6. ¥ B|,.

Proposition
0 = B if and only if H is a model of ¢p.
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» Fyps give the 1-categorical part of the free first-order
bicategory.

» The diagrammatic terms of (Bonchi, Di Giorgio, Haydon and
Sobociriski, 2024) are translated to fyps:we saw the

translation of the term

> What is missing is the 2-categorical part, i.e. the correct
notion of a morphism between byps/fyps.

> We suspect we need to introduce some quotients in order to
capture all morphisms.
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Thank you for your attention!
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